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REPRODUCEOAT~dV~RNMENTEXPENSE 
paradox 
A COUNTABLY INFINITE SAMPLE SPACE PARADOX 
R. w. Hamming (April 1993) 
· There are three parts to the first experiment In the first 
part an urn is filled with an infinite number of black and white 
balls, one white one is put in for each black one, and each kind 
are numbered 1, 2, 3, ...• It is assumed that the marks do not 
in any . way affect the mixing and selecting mechanisms. In the 
second part two white balls are put in for each black one, the 
white marked again 1, 2, 3, .•• and the black 2, 4, 6, ...• In 
the third part there are 2n white for the n-th black ball, and 
the n-th black ball t' s marked 2n. Thus in this case at the n-th 
stage there are 2n+ -1 white and n black balls. This is how 
they are constructed. 
A ball is drawn at random, what is the probabilty that it is 
black? It is probable that you will ~ay 1/2, 1/3, and o. 
-.. 
In the second experiment we start with an urn with an in-
finite number of both white and black balls, and take them out 
one at a time. We precede to label the white balls as we move 
them to a new urn with the labels 1, 2, J, • • •• In the case of 
the black ones we label them in the three corresponding ways as 
in the first experiment, 1, 2, 3, • • • : 2, 4, 6, . • • : and 2, 
4, 8, 16, . Thus we have three urns with exactly the same 
situation and with the labels corresponding exactly to the cases 
of the first experiment. Since the labels cannot affect the draw-
ing mechnaism it is hard to asert that there is not a single 
probability of drawning a black ball from any one of the three 
. urns - they are physically identical . 
This raises the question of the extent t~ which we can use 
t he mathematical theories of Cantor with regard to infinite sets 
when we deal with this kind of sample space. Dare we use the 
"actual infinity" of cantor, or must we bonfine ourselve for 
safety to the "potential infinity" of the limit process as one 
does in the calculus? 
Of course it can be said that I used the calculus descrip-
tion when forming the contents of the urns, but this was done 
only to make clear the contents, and one could postulate that the 
urns had the corresponding "actual infinite" contents. Hence 
this objection is not germane. 
This suggest that we cannot simply take over long accepted 
mathematical models when applying them to a new field like prob-
abilty, but must examine each one on its own merits with respect 
to the applications intended. 
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